In this paper, we define a new class of Reich type multi-valued contractions on a complete metric space satisfying the g-graph preserving condition and we study the fixed point theorem for such mappings. In addition, we present the existence and uniqueness of the fixed point for at least one of two multi-valued mappings. The results of this paper extend and generalize several well-known results. Some examples illustrate the usability of our results.
for each x, y ∈ X. Then there exists z ∈ X such that z ∈ Tz.
In , Jachymski [] introduced the concept of a contraction concerning a graph, called a G-contraction, and proved some fixed point results of the G-contraction in a complete metric space endowed with a graph and he showed that the results of many authors can be derived by his results.
Definition . Let (X, d) be a metric space and G = (V (G), E(G)) a directed graph such that V (G) = X and E(G) contains all loops, i.e., = {(x, x) | x ∈ X} ⊂ E(G).
We say that a mapping f : X → X is a G-contraction if f preserves edges of G, i.e., for every x, y ∈ X,
and there exists α ∈ (, ) such that, for x, y ∈ X,
(x, y) ∈ E(G) ⇒ d f (x), f (y) ≤ αd(x, y).
Jachymski showed in [] that assuming some properties for X, a G-contraction f : X → X has a fixed point if and only if there exists x ∈ X such that (x, f (x)) ∈ E(G). The results of Jachymski were generalized by several authors (see, for example, Bojor 
Definition . []
Let X be a nonempty set and G = (V (G), E(G)) be a graph such that V (G) = X, and let T : X → CB(X). T is said to be graph preserving if it satisfies the following:
Definition . [] Let X be a nonempty set and G = (V (G), E(G)) be a graph such that V (G) = X, and let T : X → CB(X), g : X → X. T is said to be g-graph preserving if it satisfies the following: for each x, y ∈ X,
By using the concept of 'g-graph preserving' introduced by Tiammee and Suantai [] and the concept of a Reich type multi-valued contraction defined by Reich [], we define a new class of Reich type multi-valued contraction on a complete metric space satisfying the g-graph preserving condition and then we shall study the fixed point theorem for such mappings. Moreover, we establish some results on common fixed points for two multivalued mappings. The results of this research extend and generalize several well-known results from previous work.
Main results
Let (X, d) be a metric space. Denote CB(X) the set of all nonempty closed and bounded subsets of X. For a ∈ X and A, B ∈ CB(X), define We start with the new class of Reich type multi-valued (α, β, γ )-contraction on a complete metric space.
T is said to be a Reich type weak G-contraction with respect to g or a (g, α, β, γ )-G-contraction provided that () T is g-graph preserving; () there exist nonnegative numbers α, β, γ with α + β + γ <  and
Example . Let N be a metric space with the usual metric. Consider the directed graph defined by
and g : N → N be defined by
, g(y)) = (k -, k + ) for k ∈ N, then (x, y) = (k + , k + ), Tx = {k + , k + }, and Ty = {k + , k + }. We obtain (k + , k + ), (k + , k + ), (k + , k + ), (k
, Ty) = , and
, T) = , and so 
and {S(x k )} is a Cauchy sequence in X where
Proof Since g  is surjective, there exists
Hence,
It follows that
where η = (α+β) -γ < . Next, by Lemma ., we can choose
By (B) again, it follows that (g  (x  ), g  (x  )) ∈ E(G). By assumption again, we have
By the inequality of (), we have
Continuing in this fashion, we obtain sequences {x k } and {S(x k )} with the property that
and for each k ∈ N,
Since η < , we have
It is straightforward to check that {S(x k )} is a Cauchy sequence in X.
Theorem . Let (X, d) be a complete metric space with the directed graph G, g  , g  : X → X be surjective maps and, for i = , , T i : X → CB(X) be g-graph preserving satisfying the following: there exist nonnegative numbers α, β, γ with
If the following hold:
Since X is complete, the sequence {S(x k )} converges to a point w for some w ∈ X. Let u, v ∈ X be such that g  (u) = w = g  (v). By Property A in (), there is a subsequence {S(
Let A = {k n | k n is even} and B = {k n | k n is odd}. Since A ∪ B is infinite, at least A or B must be infinite. If A is infinite, for each g  (x k n + ), where k n ∈ A, we have
We obtain
Since {g  (x k n )} and {g  (x k n + )} are subsequences of S(x m ), they converge to g  (v) as n → ∞, and hence 
Let T, S : X → CB(X) and g  , g  : X → X be defined by
It is clear that S, T are g  , g  -graph preserving, respectively. It is straightforward to check that the conditions (), (), () of Theorem . are satisfied. Next, we will show that, for all 
(y)) ∈ E(G). If the following hold:
() there exists x  ∈ X such that (g(x  ), u) ∈ E(G) for some u ∈ T  x  ; () X has Property A, then there exists u ∈ X such that g(u) ∈ T  u or g(u) ∈ T  u.
